The computer-aided design of high quality mono-mode, continuous-wave solid-state lasers requires fast, flexible and accurate simulation algorithms. Therefore in this work a model for the calculation of the transversal dominant mode structure is introduced. It is based on the generalization of the scalar Fox and Li algorithm to a fully-vectorial light representation. To provide a flexible modeling concept of different resonator geometries containing various optical elements, rigorous and approximative solutions of Maxwell's equations are combined in different subdomains of the resonator. This approach allows the simulation of plenty of different passive intracavity components as well as active media. For the numerically efficient simulation of nonlinear gain, thermal lensing and stress-induced birefringence effects in solid-state active crystals a semi-analytical vectorial beam propagation method is discussed in detail. As a numerical example the beam quality and output power of a flash-lamp-pumped Nd:YAG laser are improved. To that end we compensate the influence of stress-induced birefringence and thermal lensing by an aspherical mirror and a 90 • quartz polarization rotator.
Introduction and state-of-the-art simulation techniques
The computer-aided analysis and optimization of the beam quality and power of mono-mode, continuous-wave (cw) laser sources is of increasing importance to reduce development cycle times and costs of high performance lasers. Especially the increasing number of active media and passive optical components used for the resonator setup and the resulting increase of free parameters requires fast software-based optimization algorithms. The fundamental aim of any optimization approach is to obtain a flexible, fast and accurate model of the laser resonator including all the physical effects which have a significant influence on the transversal structure and the power of the dominant resonator mode. In principle the power and lateral structure of the dominant transversal mode are influenced by several physical effects introduced by passive or active intracavity components. Passive intracavity components like lenses, mirrors, prisms, diffractive optical elements, do not amplify light and mainly influence the transversal resonator mode by refraction, reflection, absorption or diffraction effects [1, 2] . On the other hand active optical components amplify light. The dominant effects of solid-state active components like Nd:YAG on the transversal resonator mode are mainly nonlinear and inhomogeneous gain [3, 4] , thermal lensing [5] and stress-induced [6] or natural birefringence [7, 8] . Consequently all of the above mentioned physical effects must be included in a simulation technique enabling the accurate and flexible simulation of beam quality and power of the dominant transversal resonator mode.
In literature there are mainly three simulation approaches available for the calculation of the dominant transversal laser resonator mode: rigorous Maxwell solvers, the Gaussian beam propagation method and the method of Fox and Li. In principle Maxwell solver based approaches [9] [10] [11] are rigorous simulation techniques, which calculate the dominant resonator mode by the discretization of Maxwell's equations directly or the wave equation and the usage of periodic boundary conditions. One important class of Maxwell solvers is e.g. based on the Finite Element Method (FEM) [12, 13] . Basically these rigorous techniques can simulate any type of resonator setup containing various active and passive components. However in practice rigorous Maxwell solvers suffer from high numerical effort, resulting in a very restricted computational volume of the resonator cavities. Typically these techniques are used for microcavity lasers only.
Methods based on the Gaussian beam propagation technique [14, 15] , which are also sometimes called ABCD-Matrix approaches, are restricted in their applicability to paraxial resonator setups containing passive intracavity components introducing quadratic phase terms, like paraxial, thin lenses. Furthermore these approximated techniques only include physical effects of simplified active components. So thermal lensing is restricted to quadratic temperature distributions, ending up with the concept of Gaussian ducts [16, 17] . Also gain effects on the beam profile can be modeled only by Gaussian ducts, meaning that a quadratic gain profile [18] must be assumed. All of the above mentioned approximations of the Gaussian beam propagation method are necessary to ensure that the transversal shape of the resonator mode is Gaussian. This Gaussian mode shape can be just found in a limited number of real resonators setups. For the calculation of the laser beam power the Gaussian beam propagation technique is combined with a semi-classical separation approach [2, [19] [20] [21] [22] , meaning that the laser beam power is separately calculated from the transversal mode structure by rate equations and an integration of the photon density over the resonator volume. This separation results in approximations which are not fulfilled in all laser resonators, e.g. the effects on the beam profile caused by nonlinear gain saturation as well as diffraction losses caused by intracavity apertures are neglected. For the simulation of natural or stress-induced birefringence effects on the beam quality, power and the polarization state of the resonator mode, the Gaussian beam propagation method can be extended by a Jones matrix analysis [23] as shown in [24] . In this case the polarization state of the beam and transversal mode structure are calculated separately. Consequently still fundamental or higher order Gaussian mode shapes must be assumed.
A more general approach which is not restricted to laser modes with Gaussian shape is the method of Fox and Li [25, 26] . The scalar nature of this method was in the past its main limiting factor. Therefore in a previous publication we have presented a very flexible, fully vectorial generalization of the Fox and Li approach for the calculation of the shape of the dominant laser resonator eigenmode [27] . So far we have shown that, in principle, any resonator setup containing all kinds of passive optical components can be simulated. In this work we will show how thermal lensing and stress-induced birefringence effects introduced by an active cw laser crystal can be included in the calculation of the transversal resonator mode. Furthermore we include gain in our concept to enable the calculation of the laser beam power. In section 2 we will review the generalized and fully-vectorial Fox and Li algorithm. In section 3 we will show how active cw solid-state components can be included in our model using the vectorial beam propagation method (vBPM). Finally we will apply the model in a numerical example, showing how the resonator geometry and the application of intracavity components can decrease the negative effects of stress-induced birefringence and thermal-lensing on the beam quality and output power of the dominant laser resonator mode.
Generalization of the Fox and Li algorithm
In our recent work [27] we have shown that the fundamental mode of any kind of laser resonator can be calculated by the fully-vectorial Fox and Li algorithm. The main idea is that an electric field given at an arbitrary plane inside the resonator must reproduce itself after propagating once through the hole resonator. Mathematically this idea can be written as
Here V 1 is the E x and V 2 is the E y polarization component of the harmonic field [28] . The propagation of the field through the resonator is described by the resonator round trip operator R. This round trip operator consists of a sequence of approximated or rigorous component operators C m and free space operators P m,m−1 for different subdomains m of the resonator [27] : Figure 1 illustrates the round trip operator concept given by Eq. (1) and Eq. (2): The fully- Fig. 1 . Exemplary resonator setup consisting of several different active and passive optical components. The transversal resonator mode can be calculated in a arbitrary plane using a sequence of diverse component operators C and free space propagation operators P describing a full resonator round trip. Each operator solves Maxwell's equations in a rigorous or approximated manner for a single subdomain of the resonator.
vectorial, transversal structure of the resonator mode in a plane can be calculated by a sequence of different approximated or rigorous solutions of Maxwell's equations denoted by the operators C m and P m,m−1 in different subdomains of the resonator. As discussed in [27] , the component operator might have a diagonal structure
or a non-diagonal structure
dependent on the simulation technique applied to propagate the light through the active or passive intracavity component m. The non-diagonal operator components C m, 21 and C m,12 in Eq. (4) describe the polarization cross-talk of the light propagation through the component m. In our recent work [27] we have focused on the general structure of the component and free space operators and the resulting structure of Eq. (1). It was discussed in detail that the presence of one or more non-diagonal component operators result in a non-diagonal round trip operator in Eq. (1), ending up with a coupled eigenvalue problem, where γ 1 = γ 2 . Up to now we have mainly shown resonators consisting of passive optical components and simplified active optical components neglecting birefringence and thermal lensing. In the following section we will show a non-diagonal component operator for the simulation of active components including stress-induced birefringence, rate equations and refractive index inhomogeneities due to temperature distributions. The applied technique is based on the vectorial beam propagation method (vBPM). The combination of the vBPM with the Fox and Li algorithm enables the calculation of the beam power and the fully vectorial transversal mode shape of a resonator including thermal lensing, birefringence and nonlinear gain saturation.
Simulation of active components by the vectorial beam propagation method
In this section we will first introduce the vectorial Helmholtz equation describing the light propagation through a weakly inhomogeneous, nonlinear and birefringent medium. Then we will discuss a split-step beam propagation algorithm which is a fast Fourier Transformation (FFT) based numerical solver of this wave equation. Finally in this section we will show how the different material models describing the light amplification, stress-induced birefringence and thermal lensing are included in the wave equation. Please note that in principle most of the following material models in this section are known in literature separately. However in this work it is the fist time to our knowledge that these material models are combined and used for the simulation of light inside a laser cavity. Furthermore in section 3.2 we will add a novel semi-analytical approach for the numerically efficient inclusion of light amplification effects within the vBPM.
Fundamentals of the vectorial beam propagation method
The light propagation through a weakly birefringent and nonlinear medium with weak refractive index inhomogeneities given by the dielectric constant
can be described by the Helmholtz equation in matrix form [29] :
with the identity matrix I I I and the matrix
Here ∇ 2 ⊥ = (
) is the transversal nabla operator, r r r = (x, y, z) T is the position vector and k 0 is the wavenumber in vacuum. Using the assumption of weak birefringence, nonlinearity and inhomogeneity effects in the active medium, we can approximate the tensor components of ε ε ε(r r r,V V V ) in Eq. (7) by [29] ε αβ (r r r,
with the indices α = 1, 2 and β = 1, 2. n 0 is the complex linear, isotropic and homogeneous refractive index share of ε ε ε(r r r,V V V ).ñ αβ (r r r,V V V ) represents the complex nonlinear, anisotropic and inhomogeneous refractive index shares and can be splitted iñ
Here Δn therm αβ (r r r), Δn birefring αβ (r r r,V V V ) and Δn gain αβ (r r r,V V V ) separately describe the effect of thermal lensing, stress-induced birefringence and nonlinear gain on the refractive index. The actual structure of these variables will be discussed in detail in the following subsections.
The Helmholtz equation given by Eq. (6) can be solved by a split-step beam propagation method [29, 30] or a finite-difference beam propagation method [31] to calculate the light propagation through the active component. In the following we will give a numerically efficient vectorial split-step beam propagation method which is based on the work of Thylen and Yevick [29] . The complex amplitude V (x, y, z 0 + L) of a harmonic field in a plane perpendicular to the optical axis, located at the axial position z 0 + L at the end of the active component, can be calculated from the field V (x, y, z 0 ) in front of the active component by a split-step vBPM in symmetrized form:
with the number of vBPM steps S = L/Δz. Here L represents the total propagation distance and Δz a single split-step distance. Please note that we have skipped the (x, y) variable dependency of the field only for better readability. P SPW s is the angular spectrum of plane waves operator [32] , given by the diagonal operator:
with
Here F is the Fourier transformation with the conjugate variables ρ ρ ρ = (x, y) T and κ κ κ
(1/2) with the wavenumber k = 2π λ n 0 and the vacuum wavelength λ . Figure 2 illustrates the split-step vBPM given by Eq. (10) . The operator
Δz on the right hand side of Eq. (10) describes the influence of the nonlinear, inhomogeneous and birefringence terms of the active component and is modeled by the non-diagonal operator:
for α = 1, 2 and β = 1, 2.ñ αβ (z ,V V V ) can be interpreted locally as the nonlinear, anisotropic and inhomogeneous contribution of the active component's refractive index and is equal to the expression given by Eq. (9). For better readability the (x,y) dependency was skipped in the notation. Consequently the integral on the right hand side of Eq. (14) describes the optical path length introduced to rays propagating parallel to the optical axis due to this residual refractive index. The contribution of gain can be separated by substituting Eq. (9) into Eq. (14) resulting in:
and with
For small slab sizes Δz the integral in Eq. (17) can be approximately solved numerically, ending up with the nonlinear operator
In principle also the integral in Eq. (16) can be approximated in the same way as Eq. (18). However especially for large small-signal gain or strong nonlinear gain saturation inside the active medium, this approximation would require a very small vBPM step size Δz which would increase the computational effort. That is why in the following subsection we will introduce a novel semi-analytical solution of the integral in Eq. (16), ending up with a larger acceptable step size Δz and consequently a numerically more efficient vBPM. To avoid aliasing effects within the vBPM due to propagation of the electric field to the edge of the computational window in a transverse plane (x, y) an absorbing boundary condition must be introduced. The absorber function, which is applied on both field components after each nonlinear operation C NL s , is given in Eq. (3) of Jaijonmaa's work [33] . For the realistic simulation of light propagation through the active laser medium by the vBPM, the effects of thermal lensing, birefringence and gain saturation have to be included by the corresponding terms in Eqs. (16) and (18) . The structure of these terms is discussed in the following subsections.
Inclusion of gain by rate equations
For the simulation of cw light amplification within the active medium, we extend a quasistationary approach which is known in literature [34, 35] by a novel semi-analytical treatment of the gain saturation in Eq. (16) . This semi-analytical approach allows an increased vBPM step size Δz and consequently a reduced computational time of the vBPM compared to the existing quasi-stationary technique. In this subsection we will first introduce the most important steps of the quasi-stationary approach in our nomenclature and then present our novel semi-analytical solution of Eq. (16) .
For the interpretation of the complex value Δn gain αβ (r r r,V V V ) in Eq. (16), we use the Lambert-Beer law [15] , which describes the light amplification of a cw plane wave inside an active medium by: dI dz = gI (19) with the gain coefficient g and with the light intensity defined by the time-averaged Poynting vector S S S , which can be approximated for paraxial fields by [36] 
Here c is the vacuum speed of light, Re(ñ 0 ) the real part of the linear refractive index share of the active medium, V are the polarization components of the complex amplitude of the harmonic field and ε 0 is the vacuum permittivity. Formally Eq. (19) has the solution:
which has a structure equal to that of Eq. (16) . Consequently the gain coefficient g in Eq. (21) is related to Δn gain αβ (r r r,V V V ) in Eq. (16) by:
for α = β . For α = β there is Δn gain αβ (r r r,V V V ) = 0, meaning that polarization cross-talk by the light amplification effect itself is neglected. However of course we separately include polarization cross-talk due to stress-induced birefringence by the term Δn birefring αβ . Please note that the additional factor 2 on the left hand side of Eq. (22) is due to the fact that Eq. (16) is formulated for fields V and Eq. (21) is formulated for intensities I. Fields and intensities are related with each other through Eq. (20) . The gain coefficient g in Eq. (22) depends on the energy level diagram of the active medium and its corresponding system of rate equations. The most important rate equation systems (e.g. 4-level-energy-diagram, 3-level-energy-diagram) can be solved analytically for cw laser operation, using a quasi-stationary approach. A good overview of stationary solutions of various rate equation systems can be found in [37] . For example in the case of a 4-level-energy-diagram Eq. (22) leads to:
for α = β with the small-signal gain g 0 and the saturation intensity I s . In principle now Eq. (23) can be substituted into the operator given by Eq. (16) which can be solved approximately in the same way as Eq. (18) . However this approximated numerical solution requires a decreasing vBPM step size Δz for an increasing small-signal gain g 0 and for a decreasing saturation intensity I s . Therefore in the following we will suggest a semi-analytical solution of the integral given in Eq. (16) . This semi-analytical solution in principle works for any step size Δz as long as the small signal gain g 0 can be assumed to be z invariant within this step. Consequently, this semi-analytical vBPM operator is not limited by the nonlinear gain saturation factor anymore. Only thermal lensing, birefringence and diffraction effects are finally limiting the maximum step size of the vBPM. The operator given by Eq. (16) can be expressed by the two first-order differential equations
where Δn gain αβ (r r r,V V V ) was substituted by the expression given in Eq. (23) . As shown in Appendix A, the exact solution of Eq. (24) is
Please note that there is no explicit analytical expression for the LambertW function. Nevertheless there are several math libraries available which can calculate W (a) numerically (see e.g. [38] ). However these math libraries are typically limited in their applicability for larger g 0 and/or small V 2 sat . Especially the exponential dependency of Eq. (26) on g 0 is crucial. The argument of W in Eq. (26) might exceed the maximum possible value which can be expressed by a number in the floating-point format. In the examples we will show in section 4, this was the case and we were not able to apply any math library directly on Eq. (26). However, especially for large g 0 and/or small V 2 sat , a semi-analytical inclusion of the non-linear gain is essential to increase the vBPM step-size Δz. Fortunately there is an approximate explicit expression for W (a) which is particular suitable for large arguments a [39, 40] :
Please note that for the calculation of the intensity I of the resonator mode the intensities of the forward and backward propagating waves I + and I − must be taken into account for stable or unstable standing wave cavities using the equation:
Here we have used the assumption that several slightly different axial modes oscillate with the same transversal mode in the resonator [15, 41] . (x, y, z) . Now again the forward propagation can be performed using I − (x, y, z) of the previous step, ending up with a new I + (x, y, z). This procedure can be repeated iteratively till a convergence of the round trip operator result is reached. Expressions of g and the resulting semi-analytical formulation of the vBPM for other energy-level-diagrams in the stationary case can be found in a similar way.
Inclusion of thermal lensing
An inhomogeneous temperature distribution T (x, y, z) within the volume of a solid-state active medium induces thermal dispersion and birefringence [5, 6, 42] . The temperature distribution is brought about by the generation of heat Q(x, y, z) due to non-radiative relaxation processes in an inhomogeneous pumped active medium in combination with heat flow to the outer periphery due to cooling [41] . Due to the cw operation of the laser, we will assume in the following that the inhomogeneous temperature distribution is constant over time. In literature there is a huge variety of possibilities how the 3D temperature distribution T (x, y, z) in a solid-state active medium can be obtained. In principle these techniques can be classified into simulation and experimental measurement techniques and their useful application depends on the concrete situation of the resonator setup, pump distribution, active medium material and so on. We would like to refer interested readers to [43] [44] [45] [46] for different simulation approaches and to [47, 48] for experimental measurement techniques. Once the stationary temperature distribution is obtained from one of the above given approaches, thermal dispersion and consequently thermal lensing, which is also sometimes called thermal beam distortion, can be calculated using vBPM. If we assume an isotropic thermal dispersion, the term Δn therm αβ (r r r) in Eq. (9) can be calculated from the temperature distribution by a Taylor series:
where T 0 should be chosen close to the average operation temperature of the active medium. [49] . Please note that in Eq. (30) the refractive index share due to thermal lensing is not a function of the resonator mode V V V , because a linear material response is assumed. In principle it is also possible to get Δn therm αβ (r r r) directly by measurements. Direct measurement techniques for the determination of the thermal lenses are described e.g. in [5, 50] .
Inclusion of stress-induced birefringence
Besides isotropic thermal dispersion, an inhomogeneous temperature distribution results in anisotropic mechanical stress in solid-state active media. Due to the photoelastic effect this stress induces birefringence which can be described according to [51] (32) with the indices i, j, k, l = 1, 2, 3, are caused by the strain tensorε kl and the photoelastic fourthrank tensor p i jkl . Dependent on the temperature profile, the strain tensor can be obtained from analytical formulas [46, 51] or from a finite-element analysis [52, 53] . Please note that for the calculation of Eq. (32) the strain tensor and the photoelastic tensor must be in the same crystal coordinate system given by the crystal cut direction [51] . If necessary, the tensors have to be transformed into the desired coordinate system using coordinate rotations [51] . In this work the changes of the relative dielectric impermeability tensor are calculated by the photoelastic tensor. Furthermore it is possible to calculate the photoelastic tensor by
from the piezo-optic tensor q i jmn and the elasticity tensor C klmn . Tabulated tensor data for many crystals can be found in [54, 55] . Please note that in the above given literature the tensor data were measured for temperature regions which might be different from the operation temperature region of the actual active medium. In this case the photoelastic tensor or the piezo-optic tensor could be measured e.g. by interferometry [56] . Before the contribution of n To include the polarization dependency of the optical path length due to birefringence, each ray carries the local electric field vector (V 1 (r r r),V 2 (r r r)) T . For small slab thicknesses Δz it is allowed to assume that the direction of the rays is not changing within a single nonlinear vBPM step. Consequently all rays, which can be also interpreted locally as plane waves, propagate in the normalized directionû u u = (0, 0, 1) T and we can find for each ray principal axes of the indicatrix given by Eq. (31) . Therefore the eigenvalue problem [51] 
has to be solved, ending up with the two eigenvalues 1/n 2 x and 1/n 2 y . The directions of the two orthogonal axes in the x-y-plane are given by the eigenvectors V V V x and V V V y . Before we evaluate the optical path length of each ray in the nonlinear vBPM step, it is convenient to project the polarization vector in the x-y-coordinate system onto the principal x -y -coordinate system. So we can rewrite the nonlinear vBPM operator given by Eq. (13) and Eq. (14) as:
with Fig. 3 . Physical interpretation of a single nonlinear vBPM operation C NL s within a single slab with thickness Δz: the result of the operation is obtained by mapping the complex optical path length (OPL) introduced by the complex refractive index modulation within the slab onto the initial field distribution (V 1 ,V 2 ) T , which is sampled on a transversal grid ρ ρ ρ n . Due to the small slab thickness and a paraxial initial field, the OPL can be evaluated along rays propagating parallel to the optical axis. Each transversal grid point is the origin of a ray/local plane wave with a certain polarization vector V V V in the transversal x-y-plane. Due to the stress-induced birefringence, the OPL for each ray/local plane wave has to be evaluated for the two orthogonal polarization components parallel to the principal axes α and β . Due to the position-dependent nature of the electric permittivity tensor of the active medium, for each ray another orientation and shape of the indicatrix must be considered in the OPL analysis. In the left part of the figure two example indicatrices for different rays with different polarization vectors V V V are given.
for α = 1, 2, and the polarization vector projection operator 
Due to the assumption of an isotropic behavior of the thermal lensing and nonlinear gain effects, the terms n therm α β and Δn gain α β are equal to the corresponding terms in the x-y-coordinate system given by Eq. (30) 
Consequently we can express Δn birefring α β (r r r,V V V ) by [51] :
Numerical example
In the previous sections novel concepts for the calculation of the fully-vectorial transversal eigenmode of a cw solid-state laser were introduced including nonlinear gain, birefringence and thermal lens effects. In the following we will apply these techniques exemplarily to improve the beam quality and the output power of the cw flash-lamp-pumped Nd:YAG laser given in Fig. 4 . The laser resonator is a linear cavity consisting of two spherical mirrors M 1 and M 2 with Table 1. focal lengths f M1 = f M2 = 100 mm. Mirror M 1 is the outcoupling mirror and has a reflectance R M1 = 0.9. It is desired that the beam quality M 2 emitted by the laser be close to 1 and that the laser operates only in a single transversal mode. Therefore the circular aperture diameter of mirror M 1 has to be chosen small enough to suppress higher order resonator modes. In this example the circular aperture of mirror M 1 should be 250 microns. All light outside of this aperture is perfectly blocked. Resonator mirror M 2 has a sufficiently large aperture size and a reflectance of R M2 = 1 to ensure that it is not introducing any additional resonator losses. It is desired that the emitted light is perfectly linearly polarized under an angle θ 0 = arcsin(y/x) = 30 • . Therefore a linear wire-grid polarizer is placed directly in front of the outcoupling mirror.
The polarizer is orientated under an angle of 30 • generating the requested linear polarization direction. The thickness of the polarizer can be neglected, so that the length of the resonator is 76 mm. The active medium is a Nd:YAG crystal, with the same parameters and flash-pump as discussed in [5, 57] . The parameters of the active medium are given in Table 1 . Please note that the pump efficiency is not equal to the pump quantum efficiency. The pump efficiency is the fraction of the electric power of the flash lamps which is converted into stimulated emission. It is calculated by the multiplication of the first three efficiencies given in Table 1 of [57] . The active medium and two flash-lamps are placed in a double-elliptical cylinder to ensure a high pump-transfer efficiency and a homogeneous pump distribution in the active medium [5, 57] . For simplicity, in the following we will assume that the heat which is dissipated in the active medium is homogeneously distributed over the hole active medium and an annular cooling configuration is used. Also the pump power is homogeneously distributed over the whole Nd:YAG rod. Please note that these assumptions in principle are not necessary to apply the concepts described in the previous sections. However the assumptions are pretty realistic for the flash-lamp double-elliptical pump configuration, ending up with the following cylindrical temperature distribution within the active medium [57] 
with the temperature in the rod center T (0) and at the rod surface T (0.5d) given in (44) with the azimuthal angle θ and the contributions of the stress-induced birefringence on the refractive index:
and Δn birefring 22
= 0. Due to the broad spectrum of pump light emitted by the flash lamps, several pump levels are used to fill the upper laser level. Therefore we can express the small-signal gain g 0 in Eq. (23) by [2] 
To calculate the dominant eigenmode of the above given example resonator setup, we have implemented the vBPM component operator in the optics design software VirtualLab [58] and solved the eigenvalue problem given by Eq. (1) using the minimal polynomial extrapolation method (MPE) [59] and a random phase distribution as initial condition. For the vBPM the active medium was discretized in z-direction in 30 slabs. The mirrors were simulated by a thin element approximation (TEA) [28] and the linear polarizer by a Jones matrix [41] . The E x and E y polarization components of the dominant transversal laser resonator mode in two different planes in the resonator are given in Fig. 5 . The output power of the beam is 0.19 W. Furthermore we have applied the second-order momenta method [41] on the transversal mode to calculate the beam quality in the plane of the outcoupling mirror. It is M 2 x = M 2 y = 2.8 in x-and y-direction, respectively. If we analyze the transversal mode structure and power at different positions in the laser cavity, we can see that there are significant depolarization losses at the linear polarizer and diffraction losses at the aperture of the outcoupling mirror. The corresponding values are given in Table 2 . In a next step we improve the diffraction losses by compensating the thermal lens of the active medium. Therefore we have to rearrange our resonator setup. We replace the spherical outcoupling mirror by a plane mirror with reflectance R = 0.9 and use a Fourier lens in combination with an aspherical mirror as shown in Fig. 6 . The Fourier lens in combination with a smaller mirror aperture suppresses the higher order resonator modes. The aspherical mirror compensates the wavefront deformations caused by thermal lensing. For the design of the aspherical surface of the mirror the vBPM operator is used by the following steps:
1. We start with a fundamental Gaussian beam with waist position in the outcoupling mirror plane. The waist diameter is equal to the aperture diameter of the mirror M 1 . In both rows the propagation direction of the mode is towards the outcoupling mirror and the fundamental transversal eigenmode has a non-Gaussian shape due to birefringence, diffraction and thermal lensing effects.
2. The vBPM operator and the other component and free-space operators mentioned below are applied to propagate the Gaussian beam to a plane in the desired aspherical mirror position z 0 . Then the phase Φ(x, y, z 0 ) of the propagated field is calculated in this plane.
3. After that the phase of the field is conjugated:
4. Due to the fact that the beam in the resonator has to pass the active medium twice in a full round trip, the transmission function of the aspherical mirror must be t(x, y, z 0 ) = exp(i2Φ * (x, y, z 0 )).
5
. TEA is applied to calculate the height profile h(x, y) of the mirror for the specific mode wavelength:
Once the aspherical surface is designed, we can apply again the round trip operator concept in combination with the vBPM to calculate the dominant resonator eigenmode. For the free-space propagation we have used the angular spectrum of plane waves operator [32] . The thin lens, the plane mirror and the aspherical mirror are simulated by TEA. The polarizer is simulated again by a Jones matrix. Figure 7 shows the dominant eigenmode at two different positions in the resonator. The output power of the beam could be improved to 10.9 W and the beam quality to M 2 x = M 2 y = 1.1. As shown in Table 2 the polarization losses are still pretty high. Consequently we have to modify the resonator setup further to reduce the polarization losses. To that end we use a 90 • quartz polarization rotator as described in [60] ending up with the resonator setup given in Fig. 8 . The quartz rotator and the linear poarlizer are simulated by Jones matrices and the lenses and mirrors by TEA. Again MPE is used to solve the eigenvalue problem. The corresponding transversal eigenmode in two different planes is given in Fig 9. Clearly the depolarization loss could be decreased by this resonator setup. The improved outcoupling power and beam quality of the laser are given in Table 2 . Fourier transform resonator geometry is used to improve the beam quality and output power. To ensure that the thermal lens in the flash-pumped Nd:YAG laser is compensated an aspherical mirror was designed. The initial Nd:YAG crystal is split into two rods with equal length and optical pump. Stress-induced birefringence is compensated by placing a 90 • quartz polarization rotator and a thin lens between the two Nd:YAG crystals. 
Summary
In this work the fully-vectorial formulation of the Fox and Li method was combined with the vectorial beam propagation method (vBPM), enabling the calculation of the dominant transversal eigenmode of realistic cw solid-state lasers. The vBPM was used to simulate light propagation through the active medium including the effects of thermal lensing, stress-induced birefringence and nonlinear gain saturation. To achieve a numerically efficient simulation, a semi-analytical expression of the vBPM was introduced for modeling the nonlinear gain effects. In the end the techniques were applied to optimize the output power and beam quality of a cw Nd:YAG laser. To that end an aspherical lens and a 90 • quartz rotator were added to compensate the thermal lens and the stress-induced birefringence. By these modifications of the resonator geometry the beam quality M 2 could be improved from 2.2 to around 1.3 and the output power from 0.19 W to 71.4 W.
A. Derivation of semi-analytical inclusion of nonlinear gain
In the following Eq. (26) 
with ln being the natural logarithm in the base e. In the next step we separate the two terms on the left hand side of Eq. (49) . We remind that the polarization of the electric field is maintained within the operator given by Eq. (16). Consequently we get: 
In addition to the real-valued gain g, an additional phase shift ig is introduced in reality by the active medium. Typically this additional phase shift only depends on the angular frequency ω 0 of the field oscillating in the resonator cavity. In a first approximation there is no dependence on the position, ending up with a constant phase shift for each wavelength [15] . Consequently in a single nonlinear C gain αβ ,s step the wavefront of the field does not change it's shape. In this case we can rewrite Eq. (51) In this work we will neglect the constant phase shift in our calculations, meaning that ig = 0, because we are just interested in the transversal mode profile of the laser. In this case we end up with Eq. (26) . As discussed in our previous publication [27] , in principle we can also analyze the axial modes of the laser resonator, by the calculation of the eigenvalue's phase term. Then the constant phase shift would be important for all wavelengths except of the center wavelength of the spectral gain profile, where the phase shift is zero anyway [15] .
